The straight forward application of the Ritz variational technique has been shown to be a very convenient method for obtaining numerically the first few discrete eigenvalues of the Schroedinger operator with certain special types of potentials. This method solves essentially the (finite) matrix eigenvalue problem obtained by truncating the infinite matrix representing the Schroedinger operator with respect to the Coulomb wave functions. The Ritz theorem justifies the validity of this truncation procedure.
I. Introduction
The initial motivation behind the present work was to obtain numerically the first few energy levels of two electrostatically bound (hydrogen-like atoms) spherical clouds of uniform charge. In the conventional hydrogen-like model, the orbiting particle (the lighter one) is usually considered as a point particle, whereas the heavier one is assumed to have a certain geometric shape or to extend to all space with a given type of charge distribution 1 . It may therefore seem useful, at least from a theoretical view point, to extend the considerations to the case in which the orbiting particle also has a finite dimension, possibly a sphere with a uniform charge distribution. On the other hand, this may also prove useful in the quantum theory at small distanceswhere the simple notion of a "point-particle" may not be valid anymore. For example, the muon being about 210 -times heavier than the electron, its Bohr orbit may lie well within the nucleus, as a result of which the nucleus can not be considered as a point particle anymore 2 . Whereas a considerable amount of work has been done with regard to muonic atoms, the hitherto considered models have regarded the muon as a point particle. The twosphere bound state problem may be applicable as well to the muonic atom, where the muon can be considered also as a uniformly charged spherical cloud of radius Rfi (^ , the nuclear radius). From the comparison of the corresponding theoretical transition energies (obtained from constructive models), with the experiment, one might obtain an initial lower bound or an estimate for the muon radius R/t. This is the main aim of this work. However the present paper does not solve this problem to the full extend-and therefore it should be considered as an initial exposition of the numerical method to be employed for this purpose. The extension to the two sphere problem will be then evident and corresponding results will be presented in a short note as a continuation of the present work.
According to the proposed model we want to find the discrete eigenvalues of the Schroedinger operators defined on a dense linear manifold of a Hilbert space. Among several methods of solving eigenvalue problems in Hilbert space, the variational method, in one or another form, is known to be one of the most effective techniques 3 -4 for obtaining approximate eigenvalues of semi-bounded operators. On the other hand, some other approximation method may, in some way, be related to the variational method 5 . We have chosen here one of the simplest and classic forms of the variational method; i.e., the Ritz method as exposed in Ref. 3 (pp. 183). Whereas the Ritz method usually finds upper bounds for the eigenvalues, the Weinstein method, in its original form 4 , finds lower bounds. The latter technique has been successfully used by Bazley and Fox in connection with the helium atom and the anharmonic oscillator (this has been discussed in detail in Reference 4 ).
The main point of this paper is to obtain the infinite symmetric matric representation of the Schroedinger operator with respect to the Coulomb wave functions. The eigenvalues are then obtained from the corresponding truncated N x N forms of the infinite matrix, where N is chosen large enough to yield the desired degree of accuracy. The validity of such a truncation procedure is given by the Ritz theorem (the mathematical preliminaries will be discussed in Section 2). Among several standard algorithms for finding approximate eigenvalues of a real symmetric N x N matrix, the Givens-Householder method 6 ' 7 appears to be the simplest one, and has been used in this paper. The case TV = 50 has sufficed to yield accuracy to at least five decimal places.
It is to be noted that the method (the Ritz method in combination with the Givens-Householder method) is not basically new. It is just that this method, in its present form, has not been in frequent use in quantum mechanics. Also this method has been very successfully applied to the anharmonic oscillator 8 . In this paper the method has been illustrated by choosing the potential Vv for the point muon (already discussed in Ref. where T=r/R, R being the nuclear radius. The reasons for choosing such a potential are the following: (a) to apply a perturbation method to the twosphere problem, where Vp will be considered as the unperturbed potential, the corresponding unperturbed eigenfunctions being obtained as a truncated Fourier series in the Coulomb wave functions; (b) a straight forward extension of the present variational method to the two-sphere problem, where the corresponding potential Fp(r) has a relatively complex form due to the possible overlap of the two-spheres (regarded as charged clouds). However Fp depends essentially on a single parameter s = RM j R$ . The main problem therefore will be to compute the matrix elements of the potential Vp in the chosen basis.
The numerical results will be presented in Section 3. It is expected that the method will be applicable to the more general and recently used potentials in the Schroedinger equation (for example, the case where the nucleus has a Fermi-type charge distribution). Also little is known about the variational approach of the above kind for the Dirac operator 9 -and the attempt as such seems worthwhile.
II. The Mathematical Preliminaries

A) The Representation of the Schroedinger Operator
The material presented in this section is the wellknown technique of finding the representation of the Schroedinger operator in a chosen basis. The main purpose of this section has been therefore to obtain the form of the matrix elements of the Schroedinger operator suitable for numerical calculations.
It is to be noted that the present discussion applies only to the discrete eigenvalues of the Schroedinger operator. That is we shall be considering in a way a restriction 5 of the operator with its domain as the dense linear manifold M spanned by the orthonormal set of the hydrogen wave functions Rnl(r) yim (6, 0) [see Appendix A], which belong to L.2(R 3 ). Then we solve the eigenvalue equation Su = Xu, with u £ M. X belongs to the discrete eigenvalues with the possible bound state given by u as a linear combination of the hydrogen wave functions. The existence of the solution of such an eigenvalue equation restricts our discussion to discrete eigenvalues only and therefore the continuum does not enter into our discussion.
We introduce the following dimensionless quantities a, V(r),X, q:
Here a = h 2 /ju e 2 255.92 F is the muon Bohr radius, r being the muon mass, and £0 = 2 Z 2 e 2 /a is an energy unit depending on Z. E is the energy eigenvalue of the Schroedinger operator. Then the Schroedinger equation in a potential given by (1.1) can be put in the following form 2 
Here we consider the usual boundary conditions as in the case of a Coulomb potential. It is to be noted that for the bound state problem (£< 0), X defined above will be positive, and therefore the highest eigenvalue X of (2.3) will give the lowest energy level and so on.
As the domain of H we consider the dense linear manifold M spanned by the complete orthonormal set of the Coulomb wave functions [Ref. 10 
Thus, using (2.2) through (2.6) the eigenvalue A method of evaluation of the integral (2.9) is given in the Appendix A. The integral in (2.9) is from 0 to 1 (instead from 0 to oo), because Gnn' is the matrix element of the function o -q 2 V which vanishes identically for"r ^ 1. A wel-known feature emerges from the Eq (2.8), namely, the representation of 5 in the chosen basis decomposes into a block diagonal form, whereas the
(2.11)
Here the 2 I +1 submatrices for different m but fixed / are the same due to the well-known ra-degeneracy in a central potential. The eigenvalues of the submatrix with 1 = 0 correspond to the s-states, and those of the submatrix with / = 1 to the p-states and so on. For example the highest eigenvalue (z^) corresponding to 1 = 0 gives the energy of the lsstate, whereas the second highest (/2) for / = 1 will give the energy of the 2p-state. It remains therefore to find numerically the first few eigenvalues of such infinite submatrices. An attractive method is naturally to truncate the infinite matrices to the corresponding finite N x N forms and then to solve the eigenvalue problem for such finite matrices, for which N has to be large enough so that where is the k-th eigenvalue of the N xN form and E is an approximation parameter.
The validity of such a truncation procedure is given by the following Ritz Theorem.
B) The Ritz Theorem
Among several available monographs on the Ritz variational method we follow here the excellent exposition due to Michlin and Gould 3 ' 4 . Let A, with domain D j, be a symmetric operator with descrete eigenvalues and bounded from above i. e.: (Au,u) {ß, with (u,u) =1 . Therefore the theoretical process of truncation in our case for the approximate numerical estimation of the eigenvalues of S will be perfectly justified if we can show that S satisfies the conditions of the Ritz theorem. This is proved in Appendix B.
III. The Numerical Results
In this section we find numerically the energy eigenvalues of the Is and 2p states (i. e. the first and the second eigenvalues of the block corresponding to Z = 0 and Z = 1 respectively). We do this by selecting the corresponding truncated forms NxN, for different values of N, until the agreement to the required degree of accuracy has been obtained.
As for the numerical method for finding the eigenvalues of finite matrices, there exist, to this date, several methods 6 . For a real symmetric matrix, the Givens-Householder method appears to be a very effective one and so this has been used in this paper. The computer algorithm has been similar to the one used by Ortega 1 . [Another iteration method has also been used: This method finds all the eigenvalues and the eigenvectors of the (N + I) x (N + 1) form from the knowledge of the corresponding quantities for the NxN form. This is done again by reducing the (N+l)x(N+l) form to a border diagonal form 6 . This method is, however, significantly slower than the other known methods and it does not seem useful to go into further details. The main point to be noted is that the numerical results obtained by both of these methods agree up to the degree of accuracy considered here.] The corresponding upper bound (to be used in the Givens-Householder method) turns out to be 0.25 in this case (see Appendix B). Also the matrix elements depend only on the single parameter a (see Appendix A).
In fact, N = 50 has been sufficient to yield the first three eigenvalues for / = 0, 1, accurate at least to five decimal places. Actually, for higher I or smaller a the convergence has been significantly faster -even ^=10 has been enough. For this reason we have considered, in the examples below, only certain nuclei with medium or high Z. Also the first few eigenvalues have been calculated for higher values of /, but have not been reproduced here. In the Tables I and II, the results for Is and .233600
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.026334 Finally, it is believed that the muonic atoms are better described by the approximate Dirac equation with a Fermi charge distribution for the nucleus.
The author hopes to discuss this more general problem based on the method given in this article.
Appendix A
Here we give the numerical method of evaluating the matrix elements Gnm defined by Equation (2.9).
Here, following Ref. 10 
